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Toy model for a two-dimensional accretion disk dominated by Poynting flux

Hyun Kyu Lee*
Department of Physics, Hanyang University, Seoul 133-791, Korea

and Asia Pacific Center for Theoretical Physics, Seoul 130-012, Korea
~Received 11 January 2001; published 30 July 2001!

We discuss the effect of the Poynting flux on a magnetically dominated thin accretion disk, which is
simplified to a two-dimensional disk on the equatorial plane. It is shown in the relativistic formulation that the
Poynting flux caused by a rotating magnetic field with Keplerian angular velocity can balance the energy and
angular momentum conservation of a stationary accretion flow.
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I. INTRODUCTION

The Poynting flux model@1,2#, suggested for accretio
disks with ordered magnetic fields, has been considered t
one of the viable models for astrophysical jets@3,4#. In con-
trast with the hydrodynamic jets in which the energy and
angular momentum are carried by the kinetic flux of mat
the Poynting flux is characterized by the outflow of ener
and angular momentum carried predominantly by the e
tromagnetic field.

In the nonrelativistic formulation, Blandford@2# sug-
gested an axisymmetric and stationary solution for the Po
ting outflow assuming a force-free magnetosphere surrou
ing an accretion disk. The poloidal field configuration for
black hole in a force-free magnetosphere was discussed
cently by Ghosh@5# in the relativistic formulation, where
possible forms of the poloidal configuration of the magne
field are suggested. The development of the ordered m
netic field in the disk and the Poynting outflow from the di
have been studied by many authors@6–8#. Recently Ustyu-
govaet al. @4# performed an axisymmetric magnetohydrod
namical simulation to show that a quasistationary and
proximately force-free Poynting jet from the inner part of t
accretion disk is possible.

The Poynting flux in a system of black hole and accret
disk recently has also been studied in connection w
gamma ray bursts@9–11#. One of the advantages of consi
ering the Poynting flux is that it carries a very small baryo
component, which is essential for powering the gamma
bursts@12#. The evolution of the system is also found to
largely dependent on the Poynting outflow from the d
@13,14#. The relativistic effects on accreting flows close to
black hole have been discussed by Lasota@15#, Abramowicz
et al. @16#, and recently by Gammie and Popham@17#, where
the relativistic effects on a slim disk with averaged vertic
structures are discussed in detail, including viscous stres
However, the effect of relativity on the accreting flow dom
nated by Poynting flux has not been discussed in depth
far.

The purpose of this work is to study the effect of Poynti
flux on the accretion flow in the relativistic formulation. I
this work, we consider a toy model for a magnetically dom
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nated thin accretion disk, which is assumed to be a tw
dimensional disk located on the equatorial plane with a bl
hole at the center. To see the magnetic effect transparen
is also assumed that there is no viscous stress tensor in
disk and there is no radiative transfer from the disk. W
develop a relativistic description of a two-dimensional mod
for a Poynting-flux-dominated thin accretion disk in th
background metric of a Kerr black hole. It is shown that t
energy and angular momentum balances of the accretion
for a stationary accretion flow can be maintained by Po
ting flux, provided that the poloidal magnetic fields are r
tating with the same Keplerian angular velocitiesVK as the
stable orbits in the equatorial plane.

II. TWO-DIMENSIONAL ACCRETION FLOW

The stress-energy tensorTm
mn of the matter in the disk is

given by

Tm
mn5~rm1p1P!umun1pgmn1Smn1umqn1unqm,

~1!

whererm , P, andp are the rest-mass density, the intern
energy, and the pressure, respectively.Smn is the viscous ten-
sor andqm is the radiative energy flux@16#.

In this work we simplify the accretion disk to be nonvi
cous (Smn50), cool (p50, P50), and nonradiative (qm

50) for the purpose of investigating the effect of the ma
netic field transparently. It is also assumed that there i
negligible mass flow in the direction perpendicular to t
disk, uu50. Then the stress-energy tensor of the matte
given by

Tm
mn5rmumun. ~2!

We can obtain the energy flux given by

E (m)
m 52rmu0um, ~3!

and the angular momentum flux by

L (m)
m 5rmufum. ~4!

For an idealized thin disk on a two-dimensional plane
take
©2001 The American Physical Society06-1
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rm5
sm

r
d~u2p/2!, ~5!

wheresm is the surface rest-mass density. In this work,
background geometry is assumed to be determined by
Kerr metric ~see Appendix A! with a rotating black hole a
the center, and we adopt the natural unitG5c51.

The rate of rest-mass flow crossing a circle of radiusr is
given by

E
r
armur

r2Ã

AD
du df52psmrur , ~6!

which defines the mass accretion rateṀ 1 by

Ṁ 1522psmrur . ~7!

This is identical to the one derived in@16# and@17#, in which
the vertical structures are averaged. The stationary accre
flow implies thatṀ 1 is r independent.

Using Eqs.~3! and~4! the radial flow of the energy of the
matter atr can be given by

E
r
aE (m)

r r2Ã

AD
dudf522psmruru05u0Ṁ 1 ~8!

and the radial flow of the angular momentum of the ma
by

E
r
aL (m)

r r2Ã

AD
du df52psmruruf52ufṀ 1 . ~9!

For the magnetosphere outside the accretion disk, th
are electromagnetic currentsJm which can flow through the
central object and also along the magnetic field lines
chored on the disk. In this work we suppose a situation
which the currents flow into the inner edge of the disk via
central object and then flow out along the magnetic fi
lines from the disk as discussed by Blandford and Zna
@2,18#. The continuity of the currents~current conservation!
necessarily requires surface currents in the radial direction
the disk. A similar consideration has been applied to
black hole horizon as discussed by Thorneet al. @19#.

In general the structure of the electromagnetic field wit
discontinuity in theu5p/2 plane can be reproduced by a
signing the surface charge and the surface current on
plane in addition to the bulk charge and bulk current dis
butions, which terminate on the disk. The surface cha
densityse and the surface current densityKî can be defined
systematically using the procedure suggested by Dam
@20# ~see Appendix B for details!:
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se52
Eû

4p
, ~10!

Kr̂52
1

4p
Bf̂, K f̂5

1

4p
Br̂ . ~11!

III. POYNTING FLUX

The energy and the angular momentum of the disk can
carried out by the Poynting flux along the magnetic fie
lines that are anchored on the disk. In our simplified mod
this is the main driving force for the accretion flow. We ca
culate the Poynting flux on a two-dimensional disk assum
a force-free magnetosphere around the accretion disk.

Using the Killing vector in thet direction,

jm5~1,0,0,0!, ~12!

we can define the energy fluxE m from the energy momen
tum tensorTmn,

E m52Tmnjn5~a22Ã2b!Tm02Ã2bTmf, ~13!

E ;m
m 50, ~14!

where

Tmn5
1

4p S Fr
mFnr2

1

4
gmnFrsFrsD . ~15!

Since we are interested in theu direction ~normal to the
disk on the equatorial plane!, E u is of interest to us, for
which the second term in Eq.~15! vanishes:

E u5
1

4p
~a22Ã2b!Fr

uF0r2
1

4p
Ã2bFr

uFfr. ~16!

Using the identities given in Appendix A, it can be rewritte
in terms of the electric and magnetic fields as given by

E u5
1

4pr
@aÊ3B̂uu1bÃ~EûEf̂1Bf̂Bû !#. ~17!

The power measured at infinity can be obtained using
~17! by

Penergy
u 5E

u5p/2
aE u dSu5E a

4p
@a~EW 3BW !u

1Ãb~EûEf̂1Bf̂Bû !#
rÃ

AD
drdf. ~18!

When the tangential components of the electromagnetic fi
are multiplied by the laps functiona as in the membrane
paradigm@19#, we can hidea in the integrand.

For the steady and axisymmetric case that we are in
ested in,Ef̂50, and we get
6-2
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E u5
1

4pr
~2aEr̂Bf̂1bÃBf̂Bû !. ~19!

The first term in the integrand in Eq.~18! can be written in
terms of the surface current density. Using Eq.~B16! we get

1

4p
~EW 3BW !u5EW •KW . ~20!

For the current in the direction of the electric field tangen
to the disk there might be energy dissipation into the d
surface. This is what one can expect on the black hole h
zon @19#. However, for the current in the opposite directio
this term corresponds to the electromotive force and tha
the case for the accretion disk on the equatorial plane
cussed by Blandford and Znajek@2,18# as well as in this
work.

Similarly, the third term in Eq.~18! @equivalently the sec-
ond term in Eq.~19!# can be written in terms of the surfac
current using Eq.~B16! as given by

1

4p
ÃbBf̂Bû5ÃvKr̂Bû. ~21!

We can see that this can be interpreted as a magnetic bra
power on a rotating body with angular velocityv52b.

Using the Killing vector in thef direction for the axially
symmetric case,

hm5~0,0,0,1!, ~22!

we can define the angular momentum fluxL m from the en-
ergy momentum tensorTmn,

L m5Tmnhn5Ã2bTm01Ã2Tmf, ~23!

L ;m
m 50. ~24!

Then we get the flux in theu direction~normal to the disk
on the equatorial plane! L u,

L u52
Ã

4pr
BûBf̂5

1

r
ÃKr̂Bû, ~25!

which is nothing but a torque exerted on the surface cur
densityKr . Equation~17! can be written as

E u5
1

4pr
aÊ3B̂uu2bL u. ~26!

In this work we assume that there is sufficient ambi
plasma around the disk for a force-free magnetosphere@2,4#.
The force-free condition for a magnetosphere with curr
densityJm is given by

FmnJm50. ~27!

The magnetic fluxC through a circuit encirclingf50
→2p,
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C5 R Af df52pAf , ~28!

defines a magnetic surface on whichAf(r ,u) is constant.
Therefore the magnetic surface can be characterized by
magnetic fluxC contained inside it. From the force-free co
dition it can be shown thatA0 is also constant along th
magnetic field lines and the electric field is always perp
dicular to the magnetic surface. We can define a funct
VF(r ,u),

dA052VF dAf , ~29!

which is also constant along the magnetic surface.VF can be
identified as the angular velocity of the magnetic field line
the magnetic surface@18,19#.

Then we get from the force-free condition

EW 52
Ã

a
~VF1b!f̂3BW , ~30!

and the Poynting flux perpendicular to the disk is given b

E u52
VFÃ

4pr
BûBf̂5VFL (f)

u , ~31!

as in @18#.

IV. ENERGY AND ANGULAR MOMENTUM
CONSERVATION

In the idealized thin disk considered in this work, it
assumed that there are no radiative transfers or viscous i
actions which otherwise take part in balancing the rad
flows of the energy and the angular momentum of the acc
ing matter. Hence the electromagnetic field anchored on
disk is responsible for the conservations of total energy
angular momentum. Since we assume an idealized t
dimensional disk, there is no radial flow of the electroma
netic energy and angular momentum unless there is any
gular structure of the electromagnetic fields on the disk.

Let us consider a circular strip atr with infinitesimally
small widthdr . Using Eq.~25! the angular momentum flux
of the electromagnetic field in theu direction is given by

DLEM52E
r

r 1dr

aL u dSu52BûBf̂rÃdr , ~32!

where factor 2 is introduced to take account of both sides
the disk. It should be balanced by the change of the ang
momentum of the matter given by

DLm52ufṀ 1ur
r 1dr→2

duf

dr
Ṁ 1dr . ~33!

Then we get

Ṁ 15
BûBf̂rÃ

duf /dr
. ~34!
6-3
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HYUN KYU LEE PHYSICAL REVIEW D 64 043006
In the nonrelativistic limituf can be identified as the non
relativistic Keplerian angular momentumVK5AM /r 3, and
we get

Ṁ 1→BûBf̂r 2

rVK/2
52r

BûBf̂

VK
, ~35!

which is identical to that used in@13# and @4#.
Similarly, the energy flux of the electromagnetic field

the u direction is given by

DEEM52E
r

r 1dr

aE u dSu5VFDLEM52VFBûBf̂rÃdr ,

~36!

where a factor 2 is introduced for the same reason as in
angular momentum flux. It is balanced by the change of
ergy of the matter given by

DEm52~2u0!Ṁ 1ur
r 1dr→ du0

dr
Ṁ 1dr . ~37!

Using Eq.~34! it can be shown that the energy balance c
be realized withVF given by

VF52
du0 /dr

duf /dr
. ~38!

It is interesting to note that this has no explicit depende
on the electromagnetic field configuration.

It is not a trivial task to find a solution of the full relativ
istic magnetohydrodynamic~MHD! equations satisfying
Eqs.~7! and ~34!, which lead to

BûBf̂522psmrur
duf

dr
, ~39!

together with Eq.~38!. Without solving the full MHD equa-
tion, the magnetic field and its angular velocityVF can be
considered to be unknown parameters as well asui .

As a first trial, we assumeu0 and uf to be those of the
stable orbit of a test particle around a Kerr black hole@21#
given by

2u05
r 222Mr 1aAMr

rAr 223Mr 12aAMr
,

uf5
AMr ~r 222aAMr 1a2!

rAr 223Mr 12aAMr
, ~40!

although it is natural to expect a non-negligible effect of t
magnetic field on the stable orbit. The straightforward cal
lation, Eq. ~38!, shows the very interesting result that th
angular velocityVF of the magnetic field is the same as t
Keplerian angular velocityVK([uf/u0),

VF5VK , ~41!
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VK5AM

r 3

1

11aAM /r 3
. ~42!

In fact one can derive Eq.~41! formally without using the
explicit form of Eq.~40!, since it can be shown that

u0
du0

dr
1uf

duf

dr
50 ~43!

holds in general for a stable circular orbit on the equato
plane. This shows that the energy and angular momen
balances can be realized by a magnetic field rotating rig
with the Keplerian angular velocity in this simplified two
dimensional disk model.

It is also possible to show that Eq.~4.2! in @2# can be
obtained from Eq.~34! here in the nonrelativistic limit.
Hence for a Newtonian limit or for the outer radius of th
thin disk, the configuration of the electromagneic field su
gested by Blandford@2# is consistent with our result whe
the magnetic field angular velocityVF is given byVK .

V. POWER OUT OF A POYNTING-FLUX-DOMINATED
THIN ACCRETION DISK

The total power out of the disk,Pdisk , can be calculated
by integrating Eq.~36! from the innermost stable point (r in)
to the outermost edge of the disk with the Poynting fl
(r out),

Pdisk52E
r in

r out
~2VFBûBf̂rÃ!dr, ~44!

where the minus sign is referring to the outward direction
the disk.

Using the accretion rate@Eq. ~34!#, which is independent
of r for a stationary accretion flow, and the energy balan
condition @Eq. ~38!#, we get

Pdisk5E
r in

r out
VFṀ 1

duf

dr
dr5Ṁ 1E

r in

r out d~2u0!

dr
dr

~45!

5@2u0~r out!#Ṁ 12@2u0~r in!#Ṁ 1 . ~46!

The first term corresponds to the energy accretion rate
the disk at the outermost edge and the second term co
sponds to the energy accretion rate at the inner edge onto
central object. This is the expected result from energy c
servation.

Equation~46! indicates that the power out of the disk
this toy model is not strongly dependent on the details of
electromagnetic field configuration. The power can be cal
lated onceṀ 1 is known at one pointr on the disk. For
example, suppose that the exact solution of the relativi
equation can be approximated at a large distancer 0 by the
configuration suggested by Blandford@2#; then we can use
the relation, for example,
6-4
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TOY MODEL FOR A TWO-DIMENSIONAL ACCRETION . . . PHYSICAL REVIEW D64 043006
Bf̂52VFrB û, ~47!

to get the accretion rate expressed in terms of the magn
field component perpendicular to the disk,

Ṁ 154@Bû~r 0!r 0#2. ~48!

Then the total power for a disk with Poynting flux extend
to r out5` is given by

Pdisk54$12@2u0~r in!#%@Bû~r 0!r 0#2, ~49!

where we take2u0(`)51.

VI. DISCUSSION

In this work, we discuss a toy model for the magnetica
dominated thin accretion disk. Assuming a two-dimensio
disk dominated by Poynting flux where the viscous str
and the radiative transfers are ignored, the accretion flow
two dimensions is discussed in the background of the K
geometry. We have demonstrated that stationary accretio
possible with a corotating magnetic field with the sam
Keplerian angular velocity as that of matter in the disk in
stable orbit. Also, it is observed that the solution proposed
Blandford @2# is consistent with our result in the nonrelati
istic limit ~or at a large distancer from the center with suf-
ficiently smalla/r anda/M ). It is shown in this toy model
that the total Poynting power out of the disk depends on
accretion rate and the energy at the innermost stable orbi
not on the details of the electromagnetic field configurati

Related issues to be discussed in the future are the
sible solutions of the magnetic field configuration~not only
the poloidal component of the magnetic field discussed
Ghosh@5# but also the toroidal component! analogous to@2#
in the nonrelativistic limit and the effect of the magnetic fie
on the energy (2u0) and the angular momentum (uf) of a
particle in a stable orbit, which has not been taken into
count in this work.

We have thus far discussed only one specific aspect,
Poynting flux, of the accretion disk. For this two
dimensional disk model to be realistic and viable, there
many obstacles to overcome. For example, the viscous s
and radiation transfers should be included, which natur
leads to questions about the steady state@4# and the thin disk
approximation assumed in this work. Moreover, recent w
@22–24# on the accretion flow toward a black hole as a ce
tral object and on the magnetic coupling@14# between the
disk and the black hole seems to indicate that the physic
more complex than the simplified two-dimensional mod
discussed in this work, particularly near the inner region
the disk.
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APPENDIX A: KERR GEOMETRY

In this appendix, the useful identities expressed in ter
of explicit orthonormal components defined by ZAMO@19#
are listed. Using the Boyer-Lindquist coordinates@25# in the
natural unitsG5c51, the metric for the Kerr geometry@26#
gmn is given by

~gmn!5S 2~a22Ã2b2! 0 0 Ã2b

0
r2

D
0 0

0 0 r2 0

Ã2b 0 0 Ã2

D ,

where

a5
rAD

S
, b5

g0f

gff
, ṽ5

S

r
sinu, ~A1!

D5r 21a222Mr , r25r 21a2cos2u,

S25~r 21a2!22a2D sin2u. ~A2!

ZAMO’s four velocity ~a timelike unit vector orthogonal to
the t-constant surface:dxaUa50) is given by

Um52a~1,0,0,0!. ~A3!

The electromagnetic field tensor can be expressed by
electric and magnetic fields as given by

F f
u 5

Ã

r
Br̂ , Fr

u52
1

AD
Bf̂,

F 0
u 5

1

r2
~arEû1brÃBr̂ !, ~A4!

F0r5
AD

ar
Er̂ , F0f5

1

aÃ
Ef̂,

Ffr52
bAD

ar
Er̂1

AD

Ãr
Bû. ~A5!

APPENDIX B: SURFACE CURRENT ON A TWO-
DIMENSIONAL ACCRETION DISK

Consider a conserved currentJ m defined by

J m5JmY~u2p/2!1 j m, ~B1!

where the conserved currentJm is the bulk current density
satisfying the Maxwell equation,

F ;n
mn 54pJm, J;m

m 50, ~B2!

andY(u2p/2) satisfies

Y~u2p/2! ,m52dumd~u2p/2!. ~B3!

From the conservation of the current,
6-5
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J ;m
m 50, ~B4!

we get

j ;m
m 5

1

4p
F ;m

umd~u2p/2!. ~B5!

Then we can identify

j m5
1

4p
Fumd~u2p/2!, ~B6!

sinceFuu vanishes identically. The analogous expression
the horizon can be found in@20#.

Now the charge density defined by

r̃e5a j 05a
Fu0

4p
d~u2p/2! ~B7!

can be rewritten as the surface charge densityse :

E r̃e dV[E se

r

AD
Ã dr df. ~B8!

Then we get the surface charge density in terms of the e
tric field given in Appendix A:

se52
Eû

4p
. ~B9!

It is Gauss’ law on the disk surface:

Eû524pse . ~B10!
d

i,

c.

J.

04300
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Similarly, using the current density defined by

j̃ i5 j i2 j 0~0,0,2b!, i 5r ,u,f, ~B11!

we get

j̃ r52
1

4p

Bf̂AD

r2
d~u2p/2!, j̃ f5

1

4p

Br̂

rÃ
d~u2p/2!,

~B12!

where j u50 by construction. The radial surface current de
sity Kr̂ and the surface current density in thef directionK f̂

on the disk can be defined by

E a j̃ r dS r52
1

4pE aBf̂Ã df[E aKr̂Ã df,

~B13!

E a j̃ f dSf5
1

4pE aBr̂
r

AD
dr[E aK f̂

r

AD
dr,

~B14!

to get

Kr̂52
1

4p
Bf̂, K f̂5

1

4p
Br̂ , ~B15!

wheredS i is the corresponding surface element.
This result can be summarized by Ampe`re’s law on the

disk surface:

BW 524pKW 3 û. ~B16!
ta,

c.
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