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Toy model for a two-dimensional accretion disk dominated by Poynting flux
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We discuss the effect of the Poynting flux on a magnetically dominated thin accretion disk, which is
simplified to a two-dimensional disk on the equatorial plane. It is shown in the relativistic formulation that the
Poynting flux caused by a rotating magnetic field with Keplerian angular velocity can balance the energy and
angular momentum conservation of a stationary accretion flow.
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[. INTRODUCTION nated thin accretion disk, which is assumed to be a two-
dimensional disk located on the equatorial plane with a black
The Poynting flux mode[1,2], suggested for accretion hole at the center. To see the magnetic effect transparently it
disks with ordered magnetic fields, has been considered to B¢ also assumed that there is no viscous stress tensor in the
one of the viable models for astrophysical jg8s4]. In con- disk and there is no radiative transfer from the disk. We
trast with the hydrodynamic jets in which the energy and thedevelop a relativistic description of a two-dimensional model
angular momentum are carried by the kinetic flux of matterfor & Poynting-flux-dominated thin accretion disk in the
the Poynting flux is characterized by the outflow of energyPackground metric of a Kerr black hole. It is shown that the

and angular momentum carried predominantly by the elec€n€rgy and angular momentum balances of the accretion disk

tromagnetic field. for a stationary accretion flow can be maintained by Poyn-

In the nonrelativistic formulation, Blandford2] sug- ting flux, provided that the poloidal magnetic fields are ro-

gested an axisymmetric and stationary solution for the Poynt-atlng with the same Keplerian angular velocitieg as the

ting outflow assuming a force-free magnetosphere surround;-table orbits in the equatorial plane.

ing an accretion disk. The poloidal field configuration for a

black hole in a force-free magnetosphere was discussed re- Il. TWO-DIMENSIONAL ACCRETION FLOW
cently by Ghosh5] in the relativistic formulation, where Y . o
possible forms of the poloidal configuration of the magnetic . Thebstress-energy tensdf,” of the matter in the disk is
field are suggested. The development of the ordered maél'ven y

netic field in the disk and the Poynting outflow from the disk . Y Y ) v
have been studied by many auth@és-8]. Recently Ustyu- Tm'=(pm+p+IDuku"+pg"’+ S*+urq"+u'g”, 1
govaet al.[4] performed an axisymmetric magnetohydrody- @
namical simulation to show that a quasistationary and ap-

proximately force-free Poynting jet from the inner part of theWherepm’ 11, andp are the rest-mass _denS|ty_, the internal
accretion disk is possible. energy, and the pressure, respectivBl/. is the viscous ten-

. ) .__sor andg” is the radiative energy flukL6].
The Poynting flux in a system of black hole and accretion In this work we simplify the accretion disk to be nonvis-

disk recently has also been studied in connection with o . 2 L
gamma ray burste9—11]. One of the advantages of consid- cous *"=0), cool (p=0,11=0), and nonradiative |(*

: . ; : : ..=0) for the purpose of investigating the effect of the mag-
ering the Poynting flux is that it carries a very small baryonlcnetic field transparently. It is also assumed that there is a

component, which is essential for powering the gamma ra¥] - . S .
: : egligible mass flow in the direction perpendicular to the
bursts[12]. The evolution of the system is also found to be dis?< %9:0 Then the stress-energy teascs)r of the matter is

largely dependent on the Poynting outflow from the disk™.
[13,14). The relativistic effects on accreting flows close to adiven by
black hole have been discussed by Lagat, Abramowicz
et al.[16], and recently by Gammie and Poph§h7], where
the relativistic effects on a slim disk with averaged vertical . .
structures are discussed in detail, including viscous stresse&/& can obtain the energy flux given by
However, the effect of relativity on the accreting flow domi-
nated by Poynting flux has not been discussed in depth so
far.

The purpose of this work is to study the effect of Poynting
flux on the accretion flow in the relativistic formulation. In u
this work, we consider a toy model for a magnetically domi- L{m)=pmUgu*. 4

TE = pmutu”. (2)

S'ELm): — pmUou”, ()]

and the angular momentum flux by

e For an idealized thin disk on a two-dimensional plane we
*Email address: hklee@hepth.hanyang.ac.kr take
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™ 56— l2) (5) e’
= — — 1T, , e
pm p oe 471_ 1 (10)
where o, is the surface rest-mass density. In this work, the KM= — i b K‘;ziBF (11)
background geometry is assumed to be determined by the 4aq A~
Kerr metric (see Appendix A with a rotating black hole at
the center, and we adopt the naturgl L(Ert:gz 1. - Il POYNTING ELUX
The rate of rest-mass flow crossing a circle of radius
given by The energy and the angular momentum of the disk can be

carried out by the Poynting flux along the magnetic field
lines that are anchored on the disk. In our simplified model,
©6) this is the main driving force for the accretion flow. We cal-
culate the Poynting flux on a two-dimensional disk assuming
a force-free magnetosphere around the accretion disk.
Using the Killing vector in the direction,

P :
apnU' ——dOdp=2mopu’,
r

VA

which defines the mass accretion re. by
§#=(1,0,0,0, (12

M, =—2m7ompu’. (7)  we can define the energy flux* from the energy momen-
tum tensorT#”,
This is identical to the one derived 6] and[17], in which
the vertical structures are averaged. The stationary accretion
flow implies thatM . is r independent. eh —0 (14
Using Egs.(3) and(4) the radial flow of the energy of the wo
matter atr can be given by

Eh=—THE,=(a’—w? BT —w?pTH, (13

where

Pz‘w - Tuv_i FP«FVP_E KVE  EPO (15)
jaEEm)—dad(ﬁ:—27TO'mpUrUO=UOM+ (8) TAn\te 29" oo :
r

VA
Since we are interested in thedirection (normal to the

and the radial flow of the angular momentum of the matterdisk on the equatorial plape&’ is of interest to us, for
by which the second term in E@15) vanishes:

1 1
06__— ([ 2_ .2 0-0p_ _— _2prfFd
r p’w - o ) £ _477(a wB)F F’ P BF,F?’.  (16)
raﬁ(m)ﬁdﬁd(f)—Zﬂ'ampu Ug=—usM,.. (9
Using the identities given in Appendix A, it can be rewritten
in terms of the electric and magnetic fields as given by
For the magnetosphere outside the accretion disk, there

are electromagnetic curreni$ which can flow through the 1 ~ A e "
central object and also along the magnetic field lines an- 50:m[aEX Bl,+Bw(E’E?+B?B")]. (17
chored on the disk. In this work we suppose a situation in
which the currents flow into the inner edge of the disk_via_theThe power measured at infinity can be obtained using Eq.
central object and then flow out along the magnetic f|eld(17) by
lines from the disk as discussed by Blandford and Znajek
[2,18]. The continuity of the current&urrent conservation a o
necessarily requires surface currents in the radial direction on Pgnergy: J alds = f 4—[a(E>< B)y
the disk. A similar consideration has been applied to the o=ml2 &
black hole horizon as discussed by Thosateaal. [19].
In general the structure of the electromagnetic field with a +wB(E'ES+ B‘?’B&)]Edrd(f). (18)
discontinuity in thed= /2 plane can be reproduced by as- NIN
signing the surface charge and the surface current on the
plane in addition to the bulk charge and bulk current distri-When the tangential components of the electromagnetic field
butions, which terminate on the disk. The surface charg@re multiplied by the laps function as in the membrane

densityo, and the surface current densky can be defined ~Paradigm{19], we can hiden in the integrand. _
systematically using the procedure suggested by Damour For the steady and axisymmetric case that we are inter-
[20] (see Appendix B for details ested inE?=0, and we get
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1 .. A
€' gy (~@E'B+ fuBBY). (19 = fﬁA¢d¢=ZﬂA¢1 (28)

The first term in the integrand in E¢L8) can be written in  defines a magnetic surface on whigy(r,6) is constant.
terms of the surface current density. Using E8[L6) we get ~ Therefore the magnetic surface can be characterized by the
magnetic flux¥ contained inside it. From the force-free con-
I - dition it can be shown tha#, is also constant along the
2. (EXB)y=E-K. (200 magnetic field lines and the electric field is always perpen-
dicular to the magnetic surface. We can define a function
For the current in the direction of the electric field tangential2£(r, 6),
to the disk there might be energy dissipation into the disk
surface. This is what one can expect on the black hole hori- dAg=—QrdA,, (29

zon[19]. However, for the current in the opposite direction gvhich is also constant along the magnetic surf&gcan be

this term corresponds to the electromotive force and that iId ntified as the anaular velocity of the maanetic field line on
the case for the accretion disk on the equatorial plane dis; entified as the angular velocity ot the magnetic fie €o

. / - the magnetic surfackl8,19.
\(/:vlf;ied by Blandford and Znaj¢R,18] as well as in this Then we get from the force-free condition
Similarly, the third term in Eq(18) [equivalently the sec- -
ond term in Eq(19)] can be written in terms of the surface E=——(Qr+B)dXB, (30)
current using Eq(B16) as given by @

and the Poynting flux perpendicular to the disk is given by

1 .. ..
EWBB"SB(’:wwKrB”. (21

Q,:m ~

Igd— 0
2mp B B’=QeL{y, (31)

Ef=—
We can see that this can be interpreted as a magnetic braking
power on a rotating body with angular velocidy= — . as in[18]
Using the Killing vector in thep direction for the axially '

symmetric case,
IV. ENERGY AND ANGULAR MOMENTUM

7*=(0,0,0,1, (22 CONSERVATION

In the idealized thin disk considered in this work, it is
assumed that there are no radiative transfers or viscous inter-
actions which otherwise take part in balancing the radial

_rpv. 2 0 2 flows of the energy and the angular momentum of the accret-
LH=TH g, =TI+ TH, 23 ing matter. Hencgeythe electrorgagnetic field anchored on the
disk is responsible for the conservations of total energy and
angular momentum. Since we assume an idealized two-
dimensional disk, there is no radial flow of the electromag-
netic energy and angular momentum unless there is any sin-
gular structure of the electromagnetic fields on the disk.

o - - 1 - Let us consider a circular strip atwith infinitesimally
L=— —BB?=—wK'BY, (250  small width ér. Using Eq.(25) the angular momentum flux
p of the electromagnetic field in the direction is given by

we can define the angular momentum fldx from the en-
ergy momentum tensor“?,

L ,=0. (24)

Then we get the flux in thé direction(normal to the disk
on the equatorial planeC ?,

which is nothing but a torque exerted on the surface current

r+or A~
densityK". Equation(17) can be written as ALEM=ZJ al?ds,=—BB%wdr, (32
r
1 . . L .
5"24—aE>< Bly,—BLY. (26)  where factor 2 is introduced to take account of both sides of
P the disk. It should be balanced by the change of the angular
In this work we assume that there is sufficient ambientmomentum of the matter given by
plasma around the disk for a force-free magnetospfdg. _ du. .
The force-free condition for a magnetosphere with current ALp=—ugM [/ 7—— d—r(bl\/l +or. (33

densityJ* is given by

F,,J*=0. 27) Then we get

The magnetic fluxW through a circuit encirclingg=0 : B’B%pw

—2m, M+ =du,7ar - 34
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In the nonrelativistic limitu, can be identified as the non- where
relativistic Keplerian angular momentufd, = M/r3, and

we get _ \/M 1
= B 1ra M/ 42

. B%B%? B’B?
Mi=Tag2 =% o, (35)

In fact one can derive Eq41) formally without using the

explicit form of Eq.(40), since it can be shown that
which is identical to that used i3] and[4].

Similarly, the energy flux of the electromagnetic field in odUo duy, B
the ¢ direction is given by Uy Tuig 0 (43
o Do d holds in general for a stable circular orbit on the equatorial
= 0 = = — 0 (b
ABem Zfr af7d% = 0QpAlen=~ QBB pwr, plane. This shows that the energy and angular momentum

(36) balances can be realized by a magnetic field rotating rigidly
with the Keplerian angular velocity in this simplified two-
where a factor 2 is introduced for the same reason as in th¢imensional disk model.
angular momentum flux. It is balanced by the change of en- It is also possible to show that E4.2) in [2] can be
ergy of the matter given by obtained from EQq.(34) here in the nonrelativistic limit.
Hence for a Newtonian limit or for the outer radius of the
%I\'/I St 37) thin disk, the configuration of the electromagneic field sug-
dr 7 gested by Blandford2] is consistent with our result when
the magnetic field angular veloci@Qr is given byQ .
Using Eq.(34) it can be shown that the energy balance can
be realized with)¢ given by V. POWER OUT OF A POYNTING-FLUX-DOMINATED
THIN ACCRETION DISK
dug/dr

Fm ™ du,/dr’ (39 The total power out of the disk 4sx, can be calculated
by integrating Eq(36) from the innermost stable point;()
It is interesting to note that this has no explicit dependencéo the outermost edge of the disk with the Poynting flux

AEq=—(—Ug)M|[79—

on the electromagnetic field configuration. (roud»
It is not a trivial task to find a solution of the full relativ- ;
istic magnetohydrodynamidMHD) equations satisfying P, .= _f out —0.BB® dr 44
Egs.(7) and(34), which lead to disk fin (— Q¢ po)dr, (44
b duy where the minus sign is referring to the outward direction on
B"B?=—2mwompu T (39  the disk.

Using the accretion ratgEq. (34)], which is independent
together with Eq(38). Without solving the full MHD equa- Of r for a stationary accretion flow, and the energy balance
tion, the magnetic field and its angular velociy can be  condition[Eg. (38)], we get
considered to be unknown parameters as well;as

As a first trial, we assumag anduy to be those of the Py frOUtQFM+%dr=M+J'rom Mdr
stable orbit of a test particle around a Kerr black hidé&] Fin dr Fin dr
given by (45
r2—2Mr+ayMr z[_uo(rout)]M+_[_u0(rin)]M+- (46)
—U0= ’
r \/r2—3Mr+2a«/Mr The first term corresponds to the energy accretion rate into
the disk at the outermost edge and the second term corre-
a2 IMr + a2 sponds to .the energy accretion rate at the inner edge onto the
Uy= Mr(r"—2avMr+a’) (40) central object. This is the expected result from energy con-
r\/r2—3Mr+Za Mr servation.

Equation(46) indicates that the power out of the disk in
although it is natural to expect a non-negligible effect of thethis t0y model is not strongly dependent on the details of the
magnetic field on the stable orbit. The straightforward calcu£l€ctromagnetic field configuration. The power can be calcu-
lation, Eq.(38), shows the very interesting result that the lated onceM , is known at one point on the disk. For
angular velocityQ) ¢ of the magnetic field is the same as the €xample, suppose that the exact solution of the relativistic

Keplerian angular velocitf), (=u®/u®), equation can be approximated at a large distancky the
configuration suggested by Blandfofd]|; then we can use
Qr=0, (41)  the relation, for example,
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B¢=ZQFng, (47 APPENDIX A: KERR GEOMETRY

) _ ~In this appendix, the useful identities expressed in terms

field component perpendicular to the disk, are listed. Using the Boyer-Lindquist coordinafés] in the
_ - ) natural unitsG=c=1, the metric for the Kerr geometf6]
M., =4[B"(ro)rol*. 48 g, is given by
Then the total power for a disk with Poynting flux extended —(a?-w?B? 0 0 w°B
to ry = is given by p2
i 0 x 0 0
Paisk=4{1—[~Uo(ri) B (ro)rel’,  (49) ()= , '
0 0 p 0
where we take-ug()=1. w2B 0 0 w2
VI. DISCUSSION where
In this work, we discuss a toy model for the magnetically p\/K Jop ~ 2.
dominated thin accretion disk. Assuming a two-dimensional a="5 PT Gus’ w= ;5'” 0, (A1)
disk dominated by Poynting flux where the viscous stress
and the radiative transfers are ignored, the accretion flow in A=r?+a?-2Mr, p?=r?+a’cosh,
two dimensions is discussed in the background of the Kerr
geometry. We have demonstrated that stationary accretion is 32=(r2+a?)?—a’A sirfe. (A2)

possible with a corotating magnetic field with the same

Keplerian angular velocity as that of matter in the disk in aZAMO’s four velocity (a timelike unit vector orthogonal to
stable orbit. Also, it is observed that the solution proposed byhe t-constant surfacedx“U ,=0) is given by

Blandford[2] is consistent with our result in the nonrelativ-

istic limit (or at a large distancefrom the center with suf- U,=-a(1,0,00. (A3)
ficiently smalla/r anda/M). It is shown in this toy model The electromagnetic field tensor can be expressed by the
that th.e total Poynting power out of _the disk depends on the|ectric and magnetic fields as given by

accretion rate and the energy at the innermost stable orbit but

not on the details of the electromagnetic field configuration. — 1 -
Related issues to be discussed in the future are the pos- F‘9¢= —B'", F/=-—B?,
sible solutions of the magnetic field configuratigrot only p \/K
the poloidal component of the magnetic field discussed by L
Ghosh[5] but also the toroidal componerdanalogous t¢2] 0 _ ) ;
in the nonrelativistic limit and the effect of the magnetic field F O_F(apE +BpwB), (A4)
on the energy { ug) and the angular momentunu ) of a
particle in a stable orbit, which has not been taken into ac- JA . 1 -
count in this work. FOr=—E", F%=—FE°¢,
We have thus far discussed only one specific aspect, the ap e
Poynting flux, of the accretion disk. For this two- BVA . VA .
dimensional disk model to be realistic and viable, there are Pr=— " E"+—RB" (AB5)
many obstacles to overcome. For example, the viscous stress ap wp
and radiation transfers should be included, which naturally
leads to questions about the steady stdtend the thin disk APPENDIX B: SURFACE CURRENT ON ATWO-
approximation assumed in this work. Moreover, recent work DIMENSIONAL ACCRETION DISK

[22—24] on the accretion flow toward a black hole as a cen-
tral object and on the magnetic couplihty] between the
disk and the black hole seems to indicate that the physics is TE=JIY (60— ml2)+ ", (B1)
more complex than the simplified two-dimensional model

discussed in this work, particularly near the inner region ofwhere the conserved curredt is the bulk current density

Consider a conserved currefit* defined by

the disk. satisfying the Maxwell equation,
FAr =4mJd*, J* =0, (B2)
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J*.,=0, (B4) Similarly, using the current density defined by
we get 7'=i'"-i%0,0~-8), i=r6,6, (B1D)
. 1, we get
i“ = F%5(0—ml2). (B5)
A o# p .
- 1 B®/A ~y_ 1 B
Then we can identify V== 7 o(0—ml2), j 2—77—5(49 m/2),
1 (B12)
jh=—F%8(6—l2), (B6) . . .
A wherej =0 by construction. The radial surface current den-

r§|ty K" and the surface current density in tljbedlrect|onK¢

. 00 . . . .
sinceF " vanishes identically. The analogous expression o Un the disk can be defined by

the horizon can be found if20].
Now the charge density defined by

~ 1 - -
P J' ajrdErZ—Ef aB‘/’mdd)EfaKrmdd),
IajOZaEb‘(ﬁ— l2) (B7) (B13)
itt th f h ity p
can be rewritten as the surface charge density f N qu;——f aBr—dr—f aK‘ﬁLdr,
1 &
f BedV= (Te\/_m drdd. (B8) (B14)
to get
Then we get the surface charge density in terms of the elec- 1 1
tric field given in Appendix A: Ki—— _—pBb Ké=—pf (B15)
. 41 4
EG
Te= " 4 (B9) wheredy; is the corresponding surface element.
This result can be summarized by Ames law on the
It is Gauss’ law on the disk surface: disk surface:
El=—4mo,. (B10) B=—47K X . (B16)
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